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Z. N. Eogan and N. P, Shakina

/ 333%

Based on present concepts [1l, 2], the instability of wave
perturbations, their amplitude increase, and disintegration are
the basic mechanism forming the zones of intense turbulence in
a free atmosphere. Recently the linear problem of the stability
of streams which are contilnuously stratified in terms of wind

and temperature has been intensively studied [3-6]. It has been

established that at Ri numbers which are smaller than 1/4, the|
perturbations of infinitely small amplitude lose stability in

a very wide range of wavelengths; this range of wavelengths
contracts as the minimum Ri number increases in the stream.
Laboratory experiments [7] have shown that at the beginning

stage of the perturbation increase (i.e., at fairly.small
amplitﬁdes) the linear theory closely describes the developmeﬁt
of instability. A theoretical study of a further increase in
unstable waves requlres an examination of perturbations of finite
amplitude.. One of the fruitful approaches to a solution of non-
linear problems of stability 1s based on the concept of

L. D) Landau [8], which represents the characteristics of perturbed
motion in the form of amplitude power series. The terms of first
order in these series correspond to the linear theory, whose
Eﬁf@ﬁ?ﬂ"termsrgive nonlinear corrections. In combination with
fhe so-called "two time method", the amplitude power expansion
method was used in [9] to analyze the stability of the flow of a

¥ Numbers in margin indicate pagination in original foreign text.
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viscous homogeneous liquid (Poiseuille and Couette-Poiseuille
flow). The procedure developed in [9] was used in the study
for the case of a stratified medium to investigate "super-
critical" (corresponding to Ri numbers which are less than the
critical value of 1/4) behavior of waves which are unstable
according to linear theory, and alsc internal gravitational
shearineutrallwaves of finite amplitude for all Ri>0. We shall
briefly discuss a method to solve this problem.

Let us assume the x axis ié directed along the flow (along
the axis of the plane-parallel stream), z— is directed upward
(all the variables are dimensionless). We shall solve the non-
linear system of equations consisting of the equations of motion,
heat flux, and continuity in the Beussinesq approximation under
conditions (which are normal for nonviscous problems of hydro-
dynamic stability) when there i1s no flow on the layer boundaries.
/334
We should recall that in linear theory verturbations are

usually represented in the form of elementary waves of the form

=36 oxp (i(aztpyen),|

where s'" is a fluctuation of any of £he values; s— the corres-
ponding amplitude functlion; o and B— wave numbers along the

x and y axes;.ﬁ——‘time;:m?;@ffy@j — complex frequency. The
exponential factor A~edfp (—e#)|in the case. @<0| déescribes-the
initial increase in the perturbation amplitude with time.

Returning to the nonlinear problem, let us replace the

variables
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. Let us also introduce the "current function" by the
relationships

9y A ]
‘";"“'Gu"‘l‘ﬂv, 'b?ﬂ-"w (2)
where u, v, w =="are the components of the perturbed velocity.

We shall try to determine the current function ¢ and the devia-
tion 6' of the potential temperature from its initial unperturbed
value in the form of the sum of the basic wave and its harmonics

(the tilde designates the complex conjugabe)

Y= (4, 5) e+ (4, e, | (3)

The terms with k=0 describe fthe nonperiodic "average®
motion (basic flow and "secondary flow"); k=1— harmonics of
the "primary wave™. Terms with k>1 are the result of the inter-
action of the lowest terms of the series. Following [9], we shall
also assume that

. . K, n} "

O =yt @4 | "
and 1t 1s assumed that the "amplitude parameter" A i1s finite,
but sufficiently small so that the series (4),may converge, in
which it is necessary that ==k . This condition actually means
that the kB harmonics, which arises during the nonlinear inter-
action, will be of the x'P order of smallness with respect to
A [in the expansion (4) only terms beginning with mzkare present J.
This is a key condition and will make it possible to "split"
the system of eguations. The real function of time A(t) again
describes the amplitude change with time.

Another basic assumption is as follows:[9]

A o e @ ar L =4, -
“ (5)
! dm dA {n} 4 &
LN Pl BRSNS R IR LY )
med4(fdt) e e =bTAT



Here a(n), b(n)

(3) - (5), the initial nonlinear system is reduced to two groups

(which are infinite with respect to the indices n and k) of ordi-
nary differential equations with respect to P& g 8% which may
be solved sequentially beginning with n = k =10 "~Turning to the
higher terms n, k, it is first necessary to determine a
in (5). Assuming k = n = 1, we obtain an approximatién of the
order O0(A), which completely coineldes with the linear stability
problems. Thus a(o), b(o) are determined as eigenvalues of this
linegr problem:Ad“QQ;EEQQE@f?:géﬂl, where ¢+ig=¢l is the phase
velocity of the primary wave x'=Ja*tpy. The coefflcients la®™, &™)
with even indices equal zero [8,9]; with odd indices they are

determined as follows.,.

The differential equations with respect to ¢“™| have the
f'orm

" ! (h,u),:;; —___ ’
'LLU‘@ __a'f 8 1 (6)

where the unknown coefficlents @Qijffﬁ play the role of the
parameter A. The operator L 1s linear, and [ and g are known|
functions which include the lower terms of the expansion (4).

The boundary conditions for. (6) are homogeneous. Let us use g™
to designate the solutlon of the problem which 1s conjugate to
the homogeneous problem (6). The solution ¥'%™| will only exist
if the homogeneous problem (6) has eigen solutions (for certain
so-called eigenvalues A. Multiplying both parts of (6) by %
and integrating with respect to z within the l1imits of the layer
(zl, 22) being studied, we obtain the following relationship

for determining A.

A= fgxdz / ' fljxdz. : : (7)

are unknown constants. In the assumptions '

(n) and b(n

™~

~
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The parameter X may assume as many values as there are
solutions of the problem "of | eigenvalues for L&#®™=0|, in the
case of the previous homogeneous boundary conditions.

- We have investigated terms in the.expansions of (3) - (5)
up to the second harmonic and third order inclusively, 1.e., values
of gﬁb 5% and the functions %°% 8" (which Geseribe secondary
flow), %%, 8“%| (harmonics of a "primary" basic wave provided
by linear analysis), ¢““;Eﬁﬂ}(distortion of the basic wave due
to nonlinear effects), $™, 8%%| (second harmonics which is double
the frequency), with respect to the stabilities &9, B pt] gng gen.|
ifound| from the solution of the linear problem, For example,
let us write the equations by means of which $*"| and & yere
found. !‘\ D'-ﬂ’“’n —pt ”[Du .._ > +£-x’] =D,l

B-—¢ (u——c)’ L’

i

(8)
Heréﬁ@léﬁgﬂgggfﬁfﬂﬂﬁgﬁgiﬂiﬂis the velocity of the unperturbed
flow, whose profile was selected as jet-like in the calculations,
g=Ue ;  W=g({—DHU’ — dimensionless freguency of Brent-
WeiSsel (the Ri number which is characteristic for the entire
flow is of importance}; H,L — vertical and horizontal scales

of the perturbations, respectively: H~{+3 mn, Z~10 ms, U~10lm/sec.
These characterlstic values may be used for chaﬁging to the
dimensional valueqﬂff}iﬂﬂ&TJ-—— dry adiabatic gradient; D=d/dz.
For %™ , we have

| D.,,,(.,,,,‘pm,ﬁ?‘ﬁ e ]
_ ‘ B—e (B—e)® L3P

! [peo]s [wm W S —D*aDi

= ~ _ +Dn .. (9)
21;(?1-—(:)‘ (a—c)* @—e BB

-Hereﬁﬁféﬂguhﬁrgﬁ; equations (8), (9), which are more 7
cumbersome and therefore the remaining equations are not derived
here, may be numerically integrated on the Minsk-22 and Minsk~32

computers,



‘The dependentce of the parameter A on time, with allowance for

the terms pf second order in (5), may be described by the followling

a® Ya

equation

where D is a constant which we may determine assuming that —iié

at the moment t=to'fhe perturbation amplitude is known

A(t) =4, D=a®4,*+a®. X (11)

The wave frequency also depends on the amplitude (and on

time)

o) =b" — Gt g

a1 B® A4 \

Thig latter dependence is weakly expressed 51nce‘ln (A/A ) is.
an almost linear function of time. The frequency changeéfgécome
significant only when there 1s a rapid growth in the amplitude

of the unstable wave.

As may be seen from (10), at ¢¥>0]the perturbation increase
rate is greater than that provided by linear theory: there 1is
a regime of "rigild perturbation” [10] or a Ysupercritical
instability". The presence of a discontinuity A{t) when the
denominator in (10) vanishes has an influence upon the limited
nature of the investigation, which makes it impossibkle to
describe the increase in the wave for 2ll t., Certain physical
concepts regarding the length bf the time interval in which
the model formulated is valid will be given below. If a<0,|
then A(t) strives to a finite 1limit which equals'ﬁgfgfﬁwV&jgw .
This is a case when the instability leads to the occurrence

e
_."

"a regime of soft excitati n" [103.

__of perlodic motio

; .tream with%a pr@fllé of unper~f
tu?bed veloc1tyU»—Uexp( p;h*g>@and a linear temperature profile T(z)

(61



Figure 1. Amplitude of the perturbation A(t) for cases of
periodic motion or a "soft execitation regime {curves (1-14) and a
rapid amplitude increase, or "rigid excitation” regime {(curves
5-8) at infinitely small Ay (curves 1 and 5), at Ag=3+10-3

(curves 2 and 6), at A0=7-10"3 (curves 3 and 7) and at A0=10"2
(curves 4 and 8).

the waves (which are unstable according to linear theory and

were described in [6]) in the case of finite amplitudes may lead
to the formation of supercritical regimes both of soft and rigid
excltation. (The dependence of the supercritical regime on Ri
and the wave number for The entire instability region must still
be determined; our results only refer to several points in this
region). The rate at which A(f) changes depends on the initial
amplitude AO‘ Figure 1 shows graphs of A(t) for two waves which
are unstable in the linear approximation, but for one of which
the rigid excltation ]ﬁ@%{@;ﬁi{lsec_g)is found, and for the other—
the soft excitation. (periodic regime) and(ﬁ@=£24&@becq2). In -
(2) 45 very large (on the
order of 10331 The 1imit to which the wave amplitude strives in
the case of ﬁeriodic motion is a value on the order-of‘lo-e_-nlo_3t

7

both cases, the absolute valle of a



in all the cases examined. Thus A(t) approaches A% from above

if (4>A°] (curves 3 and U4 in Figure 1 to which 4'=53-10-"| corres- /337
pondélﬂand from below if Angﬂ(curve 2). Waves, whose amplitude
increaées are of the greatest interest in terms of the physics of

the process. Let us examine 1in more detail the example of rigid
exXxcitation shown in Figure 1.

Let us give the parameters (dimensionless) of the primary
wave : a=5, p=1, ¢'=\0,04 at N*={8 10~ sec_2, where N’==g(’fa—'&')/9\ is the

Brent-Weissel frequency. We shall use; 3 . 10 -3 as AD \The per;odlc\

portion of the perfurbed motion, w1th1n an accuracy of terms on

the ordergA3 1 e., the_functlon]

w ='=A1P“ neif+A2¢(3 a)ez""l'A’\p“ uedrl

will be caleculated as a function of the variablest, r=r(z ¥, 2.3,
Figure 2 gives a graph of its depéndence on time when x=y=0.

The overall inc¢rease In the amplitude without dilstortion of the
wave form may be seen: the unimportant role of the secondary
harmonics is characteristic in general for waves in a layer with

a constant temperature gradient. At thé time t=7 (whidh corresponds
to 1 1/2 = 2 hours from the time that the perturbation increase
begins in the case of a characteristic time on the order of 15
minutes) the maximum fluctuations of the horizontal u' and verti-
cal w! components reach values on the order of 0.10 and Q.04

of the characterlistic wind velocity U in an unperturbed flow.

The stage of the wave crest reversal occurs along with the forma-
tion of vortices., An analysis of the field of the perturbed
potentlal temperature provides a concept of the onset of the stage.
In our problem, the temperature is a value which can be conserved,
so that the isolines 6=const in the r, z plane may be regarded

as a cross section by this plane of physical surfaces. The
occurrence of closed 1solines © in the r,ziplarne, an&_é'26hg;diﬁl
convective instability along with them, indicates the beginning

of the collapse of the wave (Figure 3). Intense mixing must begin
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Figure 2. Y(z,t) isolines for the case of rigid excitation.

in these zones; smaller scale motions willl develop, to which a
portion of the primary wave energy will be changed. Motions
within the 60/8z<0,] zone, having much smaller (at least in order
of magnitude) scales cannot be described within the framework of
this model. The time interval for the applicability of the
latter must probably be limited by the moment at which negative
values of @8/0z occur in the flow, i.e.,, the moment at which the

wave collapse begins.

The greater 1s the initial amplitude of Ay the more rapidly
does the collapse begin. Thus, at 4,={0-% the closed isclines &
occur at the time t=0.8, i.e., 10-15 minutes after the beginning
of the wave increase. The altitude distribution of the amplitudes
and their value at the time of the reversal do not depend on
AO'

The 1ncreaslng wave derives energy from the basic flow and
transfers the momentum, deforming the velocity profile, We may /338
determine the exchange of enefgy between the main flow and the

perturbations by examining the balance of nonperlodic flow energy.

We may obtainfan equatlon for the _energy balance in theUperturbed\

flow by the regular methods from the equatlons of motion’

aE 0E  4E 1 ’ ap’ a®’
R s s T
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Figure 3. Isolines of perturbed temperature in the (r,z) plane
for the case of rigid excitation; values above 6 for z = -1 are
~given in degrees.

Here E=V4¢f+¢fﬂls the | klnetlc energy of the ‘perturbed flow,lp

deviations of pressure and temperature from their values at the
initial moment. Substituting E in fthe form of a series with
respect to the harmonic components (3), for E(O)F— the energy of
nonperiodic motion (i.e., the "average flow")”—— we obtain the
equation for the energy balance per unit of mass.

(0
?7?“"* 8E ‘“‘+6EJ°’=6E °)+5@j \

Vo . P

(13}

where the energy transfer in the direction of] the r ax1s and along‘

the vertical is

(=)

&Er =im (W‘“’E"‘" —Dtp"“’E‘“’) , dsm<es

and l‘" o)
\\ 5E( @(M)DE{M)_.@{M)D‘E(H‘)) {<m<loo,

R

force of pressure gradient per unit time

.Bﬂi}”==;nu’lﬂwmp‘m’—m‘m’pwl iesm<m,\
. . . . [

bucyancy force per unlt tlme

) ﬁEii} Img[@(m)a(m] _‘p(m)G(m)] 1< m< oo, \

10



Equation (13), which is Integrated over altitude, represents
the exchange of energy between perturbations and the "average
flow" for a column of air with & unit base and a height equalling
the thickness of the Jjet stream layer. We calculated the terms
of the. .energy balance.equation..(13)..on the order of.Ag_andrwhn_
their integrals with respect to altitude. If the wave is
neutrally stable (a(o) = (), then there is no exchange of energy

between it and the basic flow. If &9#0 , then the energy of the /339
unperturbed moticn may be transferred directly to the perturba-
tions. In addition, there is a secondary flow, whese velocity

is proportiocnal toiﬁgﬁw .

When the wave is close to reversal, the velocity of the
secondary flow reaches 1 - 2% of the unperturbed flow velocity.
The upper half of the flow close to the axis is somewhat
accelerated, while the lower half is slowed down. The velocity
redistribution in the main flow takes place as a result of
vertical transport. The periodically distributed vertical
velocities lead to organized outflow of the kinetic energy from
the lower half cof the jet stream to the upper half.

The order of the terms 6E"Vm,5E;”E\anaBE%?is the same in
Equation (13) and in essencemgﬂégh%afm thehgﬁergy balance.
Within an accuracy of terms on the order of A2, there 1s no
horizontal energy transport; the primary wave does not transfer
energy in’ . the horizontal direction. The buoyaricy force makes
a very small contribution to the energy balance, since the
stability of the stratification in the hydrodynamically unstable

layer is very small,

Assuming'ﬂﬁzgﬁﬁ;\cmfﬁfgﬁoﬂ in the calculations, we find that
at the initial moment the perturbations of the horizontal velocity
compdnent do not exceed 0.3 or 1% of the velocity of the basic
flow. Such weak perturbations are practically always present in

11



"quasi~laminar" flows in a free atmosphere. It may therefore be
assumed that hydrodynamically unstable layers become turbulent
immediately after 1t occurs and that the meso-scale motions

in such layers are practically always turbulent. A clearly
expressed turbulent zone may appear in the region HRI<Y4 , which
arises under the influence of processes of a synoptiec scale

or any local processes'—— for example, the propagation of a long,
internal wave with significant amplitude. Such a wave, deforming
the profiles of temperature and wind in a hydrodynamically stable
flow, produces zones of supercritical R1 which move together with
the wave. A similar mechanism of "secondary instability", pro-
posed by Phillips [11] may take place at comparatively small sub-
critical Ri.

Gravitational shear waves of finite amplitude even though

they may be_neutrally stable may be the reason for the occurrencef

of zones of instability and turbulent spots in the flow. A study
of the nonlinear behavior of such waves (for which a(0)=@ﬂ

was performed within the framework of the model presented for
different forms of the temperature profile in a jet stream,
Exicept for the case y=—dI/ds=consfthe distribution of [T(z)
producing the temperature profiles in a layer of the tropopause
of different types was examined: Jisothermal or polar type, _
u:(gj_g\g,m%jﬂ—'—:\iﬁiﬂ@zﬂ ; inversion or tropical type "Ha)= 0,007t 08 ';
inversion-isothermal type 7(2) =0,0035 (1 - th102) =\ —0,007 cxp{—10(z~06,25)*} ;

weak. inversion type 1(2)=0,003—~|~0,005thi0z . The basic result of
the calculations is as follows: neutral waves 1in a polytropie

layer are practically linear even at very large amplitudes,

whereas waves in a layer of the tropopause are nonlinéar even

for very small émplitudes. The behavior of the waves 1s determined
always by the temperature profile; the wind distribution plays

a secondary role.

12



Let us discuss in greater detail other important results
for neutral gravitational shear waves of finite amplitude,.

Waves which are neutrally stable accordlng to llnear theory
remain neutrally stable always ‘(@®=0) . A change in the phase 7340 ~
velocity described by the coefficient b( ) in a polytroplec jet
is always small, although it inecreases in terms of modulus with
a decrease in stability. If the temperature profile has signifi-

(2)

cant curvature (tropopause), the values of b increase greatly,
particularly in the first mode. The amplitude funétionsaﬁf?ﬁaPEj
increased — the additions to the amplitude function of the
primary wave caused by a change in the wave phase velocity and
the interaction of the first and second harmonics. The second
harmonics ¥""\ also has a little greater influence in the case of
a nonlinear proflle F(z} , as a result of which the wave form is
distorted. The great influence of the temperature profile
curvature 1s caused primarily by characteristics of the amplitude
function %" of the primary wave, whose form always greatly de-
pends on the profile ¥F(z)] . The study [12] provides a detailed
description of results of a numerical solution of the lineagr
problem regarding internal waves, including a tropopause of
different types. The presence of the tropopause has a slight
influence on the wave phase velocities, but has a great influence
upon the amplitude functions, so that the maximum of the wave
activity is displaced toward the upper, more stable portion of
the layer. In the lower portion of the layer (under the tropo-
pause) the waves are suppressed more strongly, the smaller is

the static stability. Thus, the amplitude of the primary wave

is distributed nonuniformally in terms of altitude, particularly
close to the tropopause level. As a result, there 1s an

increase 1in the contribution of nonlinear terms which desecribe
the vertical and horizontal transport of the perturbed ValuE§1

If the stablility is reduced in the lower portion of the layer

13



(under the tropopause), then even only moderately strong
perturbations, which are nonuniformally distributed in terms of
altitude, readily lead to the formation of insftability regions
(convective or hydrodynamic), that is, to the collapse of the
wave c¢rest under the tropopause -levels - -

As an example, let us examine elgenoscillations of finite
amplitude in a jet stream, whose axis coincldes with the tropo-
pause of the inversion type with a very thin (about 200 mj
transition laye? from the tropospheric gradient (0.7°/100 m) to
the stratospheric gradient (-0.7°/100 m): y=—0007t2i04 where & — s ¥
deg/m. *

If the perturbation amplitude is small (4<10-%) , then the
waves of any length which move along the flow in the range from
0,5 = 1 km to 20-40 km differ little from those described by
Iinear theory. When the parameter A equals 0.05 - 0.1, then at
first (for small A) the longest waves (20-30 km) and the shortest
waves (1-2 km) and then the waves with a length of 5-10 km, begin
to be deformed. As a result of the application of an 1ncreasing
second harmonic, the wave crest becomes narrower, and the trough
becomes more planar. The periodic pertion of the current function
Y(r,z) for this case equals the sum of the harmonlc terms of the
series (3) up to third order with respect to A inclusively, and 1s
given in Figures 4 and 5 for two values of the parameter A. It
may be seen that, with an increase in A, the form of the "stream
cells"™ changes in the plane r,z. The closed stream lines in this
plane are characteristic for traveling waves and do not coincide
with the particle trajectories, reflecting only the instantaneous
velocity distribution of the periodic portion of the perturbations.
Their nonperilodic portion is sec¢ondary flow caused by the wave
motion and directed along the main flow in the vicinity of the
jet stream axis and against the flowﬂon the periphery.

14



Figure 4. Current lines (thin lines) of wave motion in the
KR:%)lplane and the graph w{r) at z = 0 and z = -0.6 (heavy lines).
{forJthe case y=-0.007 th 10z at Ap=0.01 (case of a neutrally
stable wave).

Figuré 5. Current lines of wave motlon and the graph w(r) at
Ap=0.1 (case of neutrally stable waves).|

15



In order to develop a concept regarding the form of the
traveling waves, just as in the case of unstable waves, let us
examine the isolines of a differing potential temperature in the
r,z plane, (Figure 6). The closed isotherms (and the zones of
conveetive instability) under the- tropopause- are clearly expressed
for A=0.15. In the more stable portion of the layer -—— above the
tropopauseVF— wave-1like oscillations of surfaces of differing
potential temperature continue to exist. Thus, the neutral
wave in the tropopause layer has a strong tendency to form
"vortices" and a tendency toward reversal in the inversion por- / 341

tion of the layer. Strong mixiﬁg must develop in the reversal
zones in accordance with the mechanism of "secondary Instability™"
(convective or hydrodynamic). For the implementation of this
mechanism, the wave amplitude must reach a definite "eritical”
value, in our case close to A=0.12 ("the critical amplitude”

is determined from the value A=Ai, at which those polnts appear
in the flow where 98/2=0) ). The concept of the "eritical
amplitude” was'introduced by Phillips [13] in the problem of the
energy spectrum of internal waves. (It was assumed that all of

the waves reach critical amplitudes i1f turbulent spots are dis-

seminated in the flow).[This concept was developed further in [14].|
The values of the "eritical amplitudes", obtained in our

calculations for jet streams in the tropopause (0.10 - 0.15),

do not contradict the empirical data. "The perturbations of the

horizontal velocity component, which equal 10-15% of the maln

flow velocity, are frequently on the order of 10 km in atmospheric

jet streams under conditions of stable stratification [15].

The values of the critical amplitudes determined, as has already

been emphasized, by the form of the temperature profile, depend

(to a lesser extent) also on the wihd profile: according to the

calculations, the contribution of nonlinearity is much greater

{(which means that the critical amplitude 1is smaller) in

more intense and narrow Jjet streams. In addition, for given
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Figure 6. Isolines of potential temperature in the .(r,z) plane
(values of the temperature above its value on the lower layer
boundary are given) for a jet stream with the axls on the

tropopause level  i(y=-0007#i0s, ca=c,t)] at Ap=0.15 (case of] neutrally\
stable wave).

wind and temperature profiles, the critical amplitude depends

on the wavelength, which 1s greatest for a wavelength of

5-10 km and decreases both, for longer waves and shorter waves.

The Qgcurrence of turbulent spots, which are dlsseminated in a

stip}i{ stratified flow, on the crests of internal waves as the

resulﬁ of 'secondary instability" is thus most probable.in the / 342

inversion layers and in general in layers having a temperature
gradient which changes with altitude, and alsc in layers wilth

large vertical shifts of the wind. Such zones must have compara-

tively small dimenslons (several kilometers along thef ' -
horizoental); these dimensions are smaller, the greater is the
stability of stratification in the layer, The formation of dis-
continuous turbulent zones is very probable| (on the crests of
several of the largest waves in the group). The occurrence of
turbulent zones of large dimensions (several tens and hundreds
of kilometers) may be naturally related to the "primary" insta-
bility of the main flow.

The authors would like to thank L. A, Dikom who offered
important comments during the discussion of the manuscript, and

glzo N. Z. Pinus for assilstance with the work.
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